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1 Introduction

Geo-Engineers have to proof stability and serviceability of geotechnical structures as de-
manded by EUROCODE and other regulations or recommendations. Serviceability is
mainly related to deformations. Evaluation of stability / instability is mainly based on the
balance between ‘driving forces’ and ‘resisting forces’. Global instability is always con-
nected with violation of serviceability, but - in reverse direction - violation of serviceability
is_not always connected to local or global failure.

It is important to distinguish between global failure and local failure. Global failure means
the total collapse of a complete geotechnical structure (e.g. complete failure of a slope or
total collapse of a tunnel). While local failure does not violate the stability of the overall
structure, but concerns only very localized failure at critical points (e.g. single rockfall at
the huge rockslope or local spalling at the surface of an opening).

Stability calculations can be performed by:

Numerical calculations (no restrictions)

Analytical limit equilibrium calculations (limited to simple constellations)
Semi-analytical limit equilibrium calculations (some restrictions)
Empirical rules, charts (restricted to equivalent conditions)

2 Factor-of-Safety (FOS) definitions
Stability can be quantified by the so-called Factor-of-Safety (FOS). Values below 1 char-
acterize instability, values greater than 1 stability.
FOS>1 - stable
FOS=1 - limit state (2.2)
FOS<1 - unstable

There are quite different FOS definitions in use, but most of them belong to one of the
two principle definitions (Eq. (2.2a) and (2.2b)):

_ failure load (2.2a)

FOS =
actual load

Equation (2a) shows the definition for practical issues. For a given strength of a construc-
tion or structure, the FOS of the system can be determined for an applied stress state.

A different approach can be made for numerical modelling procedure, where strength
parameters are step-by-step reduced until failure is observed (Eg. (2.2b)):

actual strength parameter
strength parameter, which leads to failure

FOS =

(2.2b)

This very popular FOS definition (Eg. (2.2b)), also recommended by the EUROCODE, is
based on the so-called shear strength reduction (SSR) technique. A good overview about
about SSR is given by Diederichs et al. (2007). This method was first developed and
applied on soil mechanics and is based on the Mohr-Coulomb strength criterion with co-
hesion ¢ and friction angle @ (e.g. Duncan (1996) and Dawson et al. (2000)):
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Fos—_¢___tan() (2.3)
Cfailure tan ((ofailure )

Because rocks have significant lower tensile resistance than in compression, application
in rock mechanics demands an extension by incorporation of tensile strength o in the
following form:

Fos-_¢ __tanle) o (2.4)

Cfailure tan (¢fa“ure ) GT,faiIure

The shear strength reduction technique can also be applied to non-linear strength criteria,
like the very popular Hoek-Brown criterion as shown by Chakraborti et al. (2012a, b).

3 Limit equilibrium versus numerical FOS calculation

If potential failure planes are clearly recognizable, e.g. weak interfaces between rock and

building or already activated sliding plane, a limit equilibrium calculation can be per-

formed. If the strength can be considered by the Mohr-Coulomb criterion and potential

shear failure is assumed, the FOS can be determined by the following expression based

on force equilibrium:

c, +F tang
F

H

FOS = (3.1)

where A represents the area of the considered potential failure plane, Fn represents the
normal force acting on the failure plane and Fn is the force component parallel to the
potential failure plane (shear force). If we compare the limit equilibrium procedure and the
numerical one (FEM, FDM, FVM or DEM) to determine FOS, the following conclusions
can be drawn (see also Table 3.1):

= Limit equilibrium methods are much faster than numerical calculations

» Model set-up is much easier for limit equilibrium methods

= Limit equilibrium tools are cheap, methods are popular and long-standing experi-
ence exist

Numerical methods are more flexible in terms of geometry, initial and boundary con
ditions as well as inclusion of support measures and HTM-coupling

Limit equilibrium methods need the pre-specification of potential failure planes, nu-
merical methods do not need that: any complex failure planes evolve naturally
based on physical laws

= Numerical approach can be applied to any complex 3D situation, usually limit equi-

librium methods are restricted to 2D problems
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Tab. 3.1: Comparison between different methods to determine FOS

Numerical solution

Limit equilibrium solution

Satisfied only for specific objects

Equilibrium Satisfied everywhere (slices or block edges)
Computed everywhere inside Computed approximately on certain
the model surfaces

Stresses

Deformation

Always part of the solution

Not considered

Failure

Yield condition satisfied every-
where; failure surfaces develop
“automatically” as conditions
dictate

Failure allowed only on certain pre-
defined surfaces; no check on yield
condition elsewhere

Kinematics

The “mechanisms” that develop

satisfy kinematic constraints

Kinematics are not considered —

mechanisms may not be feasible

For simple constellations limit equilibrium calculations and numerical calculations show
nearly identical FOS values, like documented by Fig. 3.1 and 3.2 according to (Dawson
et al., 1999). However, like exemplary shown in Fig. 3.3, 3.4 and 3.5 numerical simulation
results can significantly deviate from classical limit equilibrium calculations in terms of
FOS value including failure plane shape and location. This is mainly caused by the fact,
that within limit equilibrium methods complex failure planes cannot develop.

page 4 of 19



Factor-of-safety calculations in geomechanics

Updated: 12 August 2024

Only for private and internal use!

LLT44d4
Vs 77T TTT] A1 T
Ve 77 m S S
/ 777771y /5?;-;//‘ ........
/ 7 Z171 117 IESE L5 IR
/LL‘ y =20 kN/m® 7 e SRR R
/ - 200 e )
10 / ¢ =20 iS5-5-0-f AR
m A T g Tl aefmemimiaig B i nmoa w mor
AV A 7AW e=4238kPa. 1 = = A i Sl L &
yd XL £oapp g g ags A 00 ialmmmlEl T s ow owow ow % ow % 0w %
/[ v A S
V4 450 A A A I I |
7777 N7 7777771 117
/ V- Z 7 717 ] {1 I
v AL 7 0 A S 0 .
Critical log-spiral
‘surface 3
72 7 Fr
Fig. 3.1: Simple slope with corresponding parameters and failure surface (Dawson et al. 1999).
50
p=13 - —- - Strength reduction
40 - B5=30 —&— Limit analysis
=45
g B
g 30 1 =60
=
> P
=
— &
5 20
©
b
f=175
O T

10 20 30 40 50
Friction angle: degrees

Fig. 3.2: Comparison between limit equilibrium und numerical calculation using shear strength reduction
technique for a slope according to Fig. 3.1 (Dawson et al. 1999).
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Fig. 3.3: FOS values for slope with thin weak layer g according to sketch above (Cala & Flisiak 2003)
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Fig. 3.4: Predicted failure planes for slope model according to Fig. 3 (Cala & Flisiak 2003)
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Fig. 3.5: Predicted failure planes and FOS values for complex slope using SSR and limit equilibrium
calculations (Cala & Flisiak 2003).

Especially for slopes, it should be noticed, that FOS values determined under 2D condi-
tions are often very conservative. In most cases 3D calculations instead deliver much
higher FOS values (Cala & Flisiak 2006).

Xiao et al. (2024) have performed a comparative study in respect to different methods to
determine FOS as illustrated by Fig. 3.6. Fig. 3.7 shows three examples, where different
methods were applied and Fig. 3.8 shows the obtained FOS values. They have applied
the following methods: KD (Kulhawary defintion), DED (deformation energy definition),
MPM (Morgenstern-Price method), BM (Bishop method), FD (Fellenius definition), TCM
(transfer coefficient method), AKLM (analytical kinematical limit method), SSRM (shear
strength reduction method). Fig. 3.9 gives some hints for the application of the different
methods.
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Fig. 3.6: Different approaches used in the study [Xiao et. al. 2024]
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Fig. 3.7: Critical slip surface obtained for slope examples 1, 2 and 3 (see results given in Fig. 3.8) [Xiao et.
al. 2024]

Calculation methods KD DED BD MPM) BD FD TCM AKLM SSRM

(BM)
Example 1 1.013  1.008 0.991 0986 0944 0.999 0.921 0.990
Example 2 1.128 1.104 1.106 1.108 1.058 1.116 1.206 1.089
Example 3 1.307 1276 1.226 1.225 1.153 1.251 - 1.233

Fig. 3.8: Obtained FOS values for exemplary slopes given in Fig. 3.7 [Xiao et. al. 2024]

Definitions FD BD TCM KD SSRM AKLM DED
Reliability Low High High Medium High  Low High
Slip surface shape  Circular Any Any  Circular, Planar Any Log-spiral, Any
Circular,
Planar
Slope homogeneity No No No No No Yes No

Fig. 3.9: Reliability and applicability of different methods to determine FOS [Xiao et. al. 2024]
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4 Assessment and illustration of local FOS

A simplified approach to detect areas of potential local shear failure consists of the fol-
lowing steps:

» run a numerical model under the assumption of pure elasticity or with elasto-plastic
parameters
= compare the stress state with a chosen failure criterion
» define a measure how far the actual elastic stress state is away from the failure
envelope
In the following two different definitions are explained. The first approach compares two
line segments from the center of Mohr’s stress circle perpendicular to the linear failure
envelope of the Mohr-Coulomb failure criterion (Fig. 4.1 and Eq. 4.1). The second ap-
proach (Fig. 4.2 and Eq. 4.2) compares the actual radius of Mohr’s stress circle with a
hypothetical circle which touches the failure envelope (limit state). The second definition
can also be applied for non-linear failure envelopes like the Hoek-Brown failure criterion.

C a
i
03 0p
c/tan¢ 1/2 (041 05)

Fig. 4.1: Definition of FOS based on Mohr’s stress circle and Mohr-Coulomb failure envelope.

sing - ¢ +1(a +0y)
L, _ tanp 2% & ° @.1)
. >(0-03)

FOS =
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Fig. 4.2: Definition of FOS based on Mohr’s stress circle and Mohr-Coulomb failure envelope.

FOos o _ 01~ 0 (4.2)
., 0,—0;
1+ sin
ol =K-0, — 2C\/; with &= —¢ for Mohr-Coulomb criterion 4.3
! 3 1-sin
—sing
c _ . . 2
of =03 —y-Mo; o3 + 50 for Hoek-Brown criterion (4.4)

m, ot, S, ¢ and @ are material parameter.

Fig. 4.3 illustrates a slope with calculated FOS values according to Eq. 4.2 and specifica-
tion of certain strength parameters. In a similar way a FOS value against tensile failure
can be determined and illustrated by comparison between minimum principal stress and
tensile strength.

More information about the safety of geotechnical structures can be obtained by detailed
evaluation of the stress state in comparison to the failure envelope and the plasticity state.

Exemplary, Fig. 4.4 shows part of a numerical pillar model (underground room and pillar
mining) which consists of several types of rock with different strength parameters. The
right hand side of Fig. 4.4 shows the plasticity state for a certain value of strength reduc-
tion and Fig. 4.5 shows the stress values of all elements in the principal stress space (01
vs 03) together with failure envelopes for the three different types of rock under consider-
ation. As Fig. 4.5 shows, that stresses inside the ‘red’ material are far away from the
failure envelope (high FOS), the stresses inside the ‘green’ material are still away from
the failure envelope, but stresses inside the ‘light blue’ material are mainly located at the
failure envelope (limit state).

Fig. 4.6 illustrates how different strength reduction values influence the plasticity behavior
(example from underground room and pillar mining).
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Fig. 4.3: Slope model (above) with corresponding isolines for FOS values (below) according to Eq. 4.2
under assumption of Mohr-Coulomb constitutive law and the following strength parameters:
cohesion 1e4 Pa, friction angle 30°, tensile strength 1e3 Pa (FOS values > 3 are omitted).
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Fig. 4.4: Numerical pillar model (left: different colors represent different types of rock; right: plasticity
state).
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Fig. 4.5: Principal stress diagram with failure envelopes and stress values for 3 rock types obtained from
the model according to Fig. 4.4.
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Fig. 4.6: Plasticity state for model with different applied strength reduction values (from top to bottom:

1.5 and 2.0; Walter & Konietzky 2008).
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5 FOS of arced slopes

Note, that FOS of arc shaped slopes deviate from “common” (not arced, straight) slopes
as documented in Fig. 5.1. Also boundary conditions (SS, RS and RR see Fig. 5.1) have
influence.

Midpoint of
slope surface

(a) Convex-turning arc (b) Concave-turning arc

Table 6. Stability of 3D slopes with different turning arcs for the three examples under different boundary conditions.

Smooth- Rough- Rough-
Turning arc smooth (SS) smooth (RS) rough (RR)
Example Curvature Angle (°) FoS DF (%) FoS DF (%) FoS DF (%)
1 Convex 45 1.62 -2.99 1.69 -6.63 1.93 -6.31
90 1.62 -2.99 1.63 -4.68 1.69 -6.63
180 1.62 -2.99 1.62 -3.57 1.63 -4.68
Common W = 45°xwR/[180 1.67 _ 1.81 - 2.06 —_
W = 90°x7R/[180 1.67 —_ 1.71 _— 1.81 —_—
W =180°xmR/180 1.67 — 1.68 — 171 —
Concave 45 193 15.57 2.00 10.50 2.20 6.80
90 1.93 15.57 1.94 13.45 2.00 10.50
180 1.93 15.57 1.93 14.88 1.94 13.45
2 Convex 45 1.87 2.75 1.96 -0.51 2.20 -1.79
90 1.87 2.75 1.89 1.07 1.96 -0.51
180 1.87 2.75 1.88 2.73 1.89 1.07
Common W = 45°xwR/[180 1.82 _ 1.97 —_ 2.24 —_
W =90°x7R[180 1.82 — 1.87 — 1.97 —
W = 180°xmwR[180 1.82 — 1.83 — 1.87 —
Concave 45 2.10 15.38 2.16 9.64 2.37 5.80
920 2.10 15.38 212 13.37 2.16 9.64
180 2.10 15.38 2.10 14.75 212 13.37
3 Convex 45 2.20 4.76 2.25 135 2.41 0
90 2.20 4.76 2.21 3.26 2.25 1.35
180 2.20 4.76 2.20 3.77 2.21 3.26
Common W = 45°xmwR/[180 2.10 — 2.22 — 241 —
W = 90°xmR/[180 2.10 — 215 — 2.22 —
W =180°xmR/[180 2.10 — 212 — 2.15 —
Concave 45 2.32 10.48 2.37 6.76 2.53 4.98
90 2.32 10.48 2.34 8.84 2.37 6.76
180 2.32 10.48 2.32 9.43 2.34 8.84

Note: Turning radius, R, is 10, 11, and 36 m for examples 1, 2, and 3, respectively (see Fig. 10). Width of the common slope, W, is equal
to the midline width of the turning arc.

Fig. 5.1: FOS values of arc shaped slopes (Zhang et al., 2013) incl. difference to plane slope

page 15 of 19



ICS

han

10NS In geomec

Factor-of-safety calculat

Only for private and internal use!

Updated: 12 August 2024

N
N

22
2
2

)

Convex 90°

2
7

7
57

,
78

(c) Example 3

=2.37

FoS

: Convex 90°

(b) Example 2

: Convex 90°

(a) Example 1

2

9"

¢!
8g38genTen
COOOSSSSSS

]
R

S$=2.25

[=}
=~

T T
i
FAHE
.
—
T
R -
-
.y 1
P
N —
N -
_
o
nwougn Suawn It
§2333283883888 4
COOOOOOCOoOOCSS po:

(f) Example 3: Convex 135°

(e) Example 2: Convex 135°

Convex 135°

(d) Example 1

Common 180°

) Example 3

@

Common 180°

(h) Example 2

(g) Example 1: Common 180°

shear strain

5
oo

) —,,,/
R ,,,;//

X

2,
%, 0%
S5

2

2
%

S\
X
SR //////f"
RN
\)

\ \ ////////ﬂ
N\
N

7
7/
7

770074505555
P77
iz,

(1) Example 3: Concave 135°

Concave 135°

(k) Example 2

Concave 135°

) Example 1

G

FoS:

Concave 90°

(o) Example 3:

2
e
8
&
O

(m) Example 1

7 (Zhang et al., 2013) .

4

19

FOS values and accumulated shear strain for slope models given in F

5.2

Fig.

page 16 of 19



Factor-of-safety calculations in geomechanics
Only for private and internal use! Updated: 12 August 2024

Convex or concave shaped slopes can have either lower of higher FOS compared with
common slopes (see also Fig. 5.2). The deviation is also influenced by the steepness.
Deviation can be - depending how strong the geometry deviates — quite significant. There-
fore, 2-dimensional approaches should be use with caution. See also Zhu et al. (2020).

Tianwen et al. (2017) investigated the slope stability based on Bishop’s semi-analytical
approach, but extending to 3D. They found a general increase in stability compared to a
common slope, as documented by Fig. 5.3 .

1.6 l—'--\"
2 2
8 15 Q:?‘; 1.5
W w
‘_5 4t 98 1.4 L H—b\
5 13 813l
g g T
= 1.2 /. = 1.2}
1.1y / el ’—"‘\
1.0¥ 1.0
ng 1 1 1 1 1 J 0.9 1 1 1 1 1 1 ]
0 50 100 150 200 250 300 100 150 200 250 300 350 400 450
Upper arch height a, (m) Upper arch height a, (m)
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Fig. 5.3: FOS for concave shaped slopes with different curvature and height (Tianwen et al., 2017)
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6 Utilization degree or factor

Another possibility to characterize the safety or stability of a structure is the determination
of the so-called utilization degree. The utilization degree determines the stress state at
the countour area or near-field of a structure (tunnel, cavern etc.) und compares this
stress state with crtitical (failure) value. The utilization degree can be determined for se-
lected points or as average value for a certain region / area (pillar, wall etc.).

The utilization degree n in general is defined as follows (in fact it can be considered as
the inverse of the factor-of-safety):

existing stress
n=-—=
failure stress

(6.1)

A very common application of the uitilization degree is the characterization of the safety
status of gas caverns (see for instance Rokahr & Staudtmeister, 1993 or Zapf, 2014)
They use the second deviatoric stress invariant as stress criterion:

. D
77 — \/2 ‘D]Z,actual (62)
\/ 2 ‘JZ,faiIure (Il)

For the denominator of Eq. 6.1 often the short term strength of the rock material is used.

Habibi (2019) provides an overview about evaluation criteria for salt caverns used world-
wide.

Exemplary, Fig. 6.1 shows the utilization degree for a single cavern under the assumption
of a certain stress state inside the rock mass, a certain gas pressure, a certain tempera-
ture and a certain failure stress state — calculated according to Eq. 6.2. Note, that the
deviatoric failure stress state is a function of the current stress level, normally determined
as function of the first stress invariant 1.

In case of a cavern field Rokahr & Staudmeister (1993) proposed the use of an integral
utilization degree for evaluation of the pillars between the caverns according to the
follwing formula (see also Fig. 6.2):

n

2. (1 -av;)

_ i1 6.3
ntotal V ( )

total

Eqg. 6.3 provides an average utilization degree for a certain area (for instance a consid-
ered cross section) or a certain volume.
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Fig. 6.1: Example: utilization degree for a single gas cavern under a certain pressure and temperature
regime (Zapf, 2014).

Fig. 6.2: Example: integral utilization degree for a pillar between gas caverns inside a regular cavern field
according to the procedure proposed by Rokahr & Staudtmeister (1993).
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7 Factor-of-safety and failure probability

The classical FOS calculation as discussed above is based on a fixed basic strength data
set and the subsequent reduction of the strength parameters until failure is observed. The
problem, however, is that we have uncertainty in strength parameters, the stress field and
other influencing factors (e.g. geometry, support measures, temperature etc.). Therefore,
a probabilistic approach is more appropriate. Wiles (2006) has shown, how FOS and
probability of failure can be correlated under certain simplified assumptions (generalized
normal distribution of parameters, Mohr-Coulomb strength criterion) and came up with
the following expression:

1

FOS = 7.1
1-CoV-N~1(P) (7.1)
where:
CoV = coefficient of variation (standard deviation / mean value)
N-1(P) = Inverse probability P assuming normal distribution

The uncertainty in parameters in geoengineering praxis - expressed as coefficient of va-
riation - is typically between 20% and 40%. Table 7.1 relates FOS and failure probability
according to Eq. (7.1).

Tab. 7.1: Relation between FOS, CoV and failure probability

FOS Coefficient of Variation Probability of failure
CoV P

1.5 20 % 5%

2.0 20 % 0.7 %

2.5 20 % 0.2 %

3.0 20 % 0.05 %

FOS Coefficient of Variation Probability of failure
1.5 30 % 13 %

2.0 30 % 5%

2.5 30 % 2%

3.0 30 % 1%

FOS Coefficient of Variation Probability of failure
1.5 40 % 20 %

2.0 40 % 10 %

2.5 40 % 7%

3.0 40 % 5%

Please note, that a failure probability of about 5% is generally accepted for many ge-

otechnical projects.
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